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A b s t r a c t  
A n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  i s  d e r i v e d  
w h i c h  n u s t  b e  s a t i s f i e d  by t h e  p l a n t  s t e a d y  s t a t e  g a i n  
ma t r ix  o f  a l i n e a r  t i m e  i n v a r i a n t  s y s t e m  i n  o r d e r  f o r  
a n  i n t e g r a l  c o n t r o l l e r  t o   xis st f o r  w h i c h  t h e  c l o s e d  
loo? sys tem i s  u n c o n d i t i o n a l l y   s t a b l e .  Based on t h i s  
t h e o r e m  t h e  r o b u s t n e s s  o f  i n t e z r a l  c o n t r o l  s y s t e m s  i s  
a n a l y z e d ,   i . e .   t h e   f a m i l y   o f   p l a n t s  i s  def ined  which 
a r e  s t a b l e  when c o n t r o l l e d  w i t 3  t h e  same i n t e g r a l  
c o n t r o l l e r ,   C o n d i t i o n s   f o r   a c t u a t o r / s e n s o r   f a i l u r e  
t o l e r a n c e  of s y s t e m s  w i t h  i n t e z r a l  c o n t r o l  a r e  a l s o  
gi:Ten. F i n a l l y , .   p a r a l l e l s   a r e  drawn  between  the 
r e s u l t s  of t h i s  p a p e r  a n d  t h e  i i f u r c a t i o n  t h e o r y  of 
n o n l i n e a r  s y s t e m s .  
I n t r o d u c t i o n  
P r o c e s s  c o n t r o l ,  and i n  p a r t i c u l a r  c h e m i c a l  p r o -  
c e s s  c o n t r o l ,  i s  c h a r a c t e r i z e d  by open- loop   s tab le   and  
s lugg i sh   p rocesses ,   s eve re   mode l l ing   p rob lems   and   t he  
o v e r r i d i n g  n e e d  f o r  r e l i a b i l i t y ,  r o b u s t n e s s  and  good 
s t e a d y  s t a t e  per formance  of t h e   c o n t r o l   s y s t e m ,  i .e.  
n e g l i g i b l e   o f f s e t .  I n  o r d e r   t o   r e d u c e   t h e   s y s t e m  
s e n s i t i v i t y  a t  I = 0 t o  a s m a l l  v a l u e ,  c o n t r o l l e r s  
w i t h  i n t e g r a l  a c t i o n  are t y p i c a l l y  e m p l o y e d  i n  a l l  
i m p o r t a n t   s i t u a t i o n s .   T h e r e f o r e   t h e   m o d e l l i n g   r e q u i r e -  
m e n t s  f o r  t t e  d e s i g n  o f  c o n t r o l l e r s  w i t h  i n t e g r a l  
a c t i o n ,   t h e i r   r o b u s t n e s s   i n   t h e   e v e n t  of p l an t   changes  
and t h e i r  t c l e r a n c e  t o  a c t u a t o r  a n d / o r  s e n s o r  f a i l u r e  
a r e  of s i g n i f i c a n t  p r a c t i c a l  i n t e r e s t .  
t h e  p a p e r  t h a t  t h e  p l a n t  i s  a n   o p e n   l o o p   s t a b l e ,   l i n e a r  
t ime   i nva r i an t   sys t e rn .   Le t   G(s )   deno te   t he   p l an t  
t r a n s f e r   n a t r i x .  iie w i l l  assume t h a t   t h e   p l a n t  i s  
f u n c t i o n a l l y   c o n t r o l l a b l e  [l], i .e .  t h a t   t h e   r i g h t   i n -  
v e r s e  of G ( s )  e x i s t s ,   b e c a u s e   o n l y   t h e n  i t  i s  p o s s i b l e  
t o  i n s t a l l  c o n t r o l l e r s  w i t h  i n t e g r a l  a c t i o n  on a l l  t h e  
o u t p u t s .   F o r   s i m p l i c i t y   i n   n o t a t i o n   b u t   w i t h o u t   l o s s  
o f  g e n e r a l i t y  we w i l l  r es t r ic t  G ( s )  t o  b e  a squa re  
m a t r i x  r e l a t i n g  n i n ? u t s  t o  n clutputs.  
We w i l l  u s e  t h e  f o l l o w i n g  n o f a t i o n :  -+ C i s  t h e  
open  r igh t  ha l f  complex  p l ane ;  AIJ i s  t h e  m a t r i x  A w i t h  
t h e  i t h  row a n d  t h e  j t h  column  removed, 2.j (A) and 
d e t ( A )  a r e  t h e  j t h  e i g e n v a l u e  a n d  t h e  d e t e r m i n a n t  o f  
t h e  m a t r i x  A r e s p e c t i v e l y .  
C n l e s s  s t a t e d  o t h e r w i s e  we w i l l  assume  throughout 
I n t e g r a l  C o n t r o l l a b i l i t y  
H e r e   G ( s )   a n d   C ( s )   a r e   t h e   t r a n s f e r   m a t r i c e s   o f   t h e  
p l a n t  and  the  dynamic  compensator   respect ively,   both  of  
which a r e  assumed t o   b e   s t r i c t l y   s t a b l e ,  I i s  t h e  
i d e n t i t y   m a t r i x   a n d  k i s  a p o s i t i v e   c o n s t a n t .  1;e 
d e f i n e   H ( s )  = G(s)C(s)   and  H ' ( s )  = C ( s ) G ( s ) .   I n   t h i s  
paper  we would l i k e  t o  a d d r e s s  t h e  f o l l o w i n g  q u e s t i o n s :  
' , h a t  a r e  t h e  r e q u i r e r r n c t s o n  H(s) o r  e q u i v a l e n t l y ,  how 
does   t he   compensa to r   C( s )   have   t o   be   des igned ,   fo r  a 
? o s i t i v e  k t o  e x i s t  f o r  which  the  c losed ~ O O D  svs tem 
i s  s t a b l e ?  How t o l e r a n t  i s  a c o n t r o l   s y s t e m  of  t h i s  
t ype   t o   p l an t   changes   and   ac tua to r   and /o r   s enso r  
f a i l u r e s ?   F o r   t h i s   p u r p o s e  we will i n t r o d u c e   t h e  
f o l l o w i n g  d e f i n i t i o n .  
c a l l e d  i n t e g r a l  c o n t r o l l a b l e  i f  t h e r e  e x i s t s  a k* > 0 
s u c h   t h a t   t h e   c l o s e d   l o o p   s y s t e m  shown i n  F ig .  1 i s  
s t a b l e  f o r  a l l  k s a t i s f y i n g  0 c k L k*. 
a l l y   s t a b l e   s y s t e m s   i n   t h i s   d e f i n i t i o n .   T h e r e   c o u l d  
be a k = k '  > 0 f o r  w h i c h  t h e  s y s t e m  i n  F i g .  1 i s  
s t a b l e .  But un le s s   k '   c an   be  made a r b i t r a r i l y   s m a l l ,  
t h e  s y s t e m  i s  n o t  i n t e g r a l  c o n t r o l l a b l e  a c c o r d i n g  t o  
o u r   d e f i n i t i o n .   C o n d i t i o n a l l y   s t a b l e   s y s t e m s   w h i c h  
a r e  o n l y  s t a b l e  f o r  h i g h  g a i n s  k a r e  u n d e s i r a b l e  f r o m  
a p r a c t i c a l   p o i n t   o f   v i e w ,  We w i l l  d i s c u s s   t h i s   i s s u e  
i n  more d e t a i l  l a t e r ,  
pape r   and   fo rms   t he   bas i s   o f  a l l  subsequent   theorems 
on r o b u s t n e s s  a n d  f a i l u r e  t o l e r a n c e .  
l a b l e  i f  and   on ly   i f  a l l  t he   e igenva lues   o f  H(0 )  l i e  
i n  t h e  open r i g h t  h a l f  c o m p l e x  p l a n e .  
Proof :   Le t   he   Nyquis t   D-contour   be   indented  a t  
t h e  o r i g i n  t o  t h e  r i g h t  t o  e x c l u d e  t h e  D o l e  o f  l/s H(s)  
a t   t h e   o r i g i n .  The sys tem w i l l  b e   c l o s e d   l o o p   s t a b l e  
i f   n o n e  of t h e   c h a r a c t e r i s t i c   l o c i  (CL) [ Z ]  e n c i r c l e s  
t h e   p o i n t  ( - l / k , O ) .  F o r   i n t e g r a l   c o n t r o l l a b i l i t y  i t  
i s  n e c e s s a r y  a n d  s u f f i c i e n t  t h a t  t h e  CL i n t e r s e c t  t h e  
n e g a t i v e   r e a l   a x i s   o n l y  a t  f i n i t e   v a l u e s ,  An i n t e r -  
s e c t i o n  a t  (--,O) could only occur   because   o f   t he   po le  
of l / s  H(s) a t   t h e   o r i g i n .  A long   t he   i nden ta t ion ,   t he  
s m a l l  s e m i - c i r c l e  w i t h  r a d i u s  E a r o u n d  t h e  o r i g i n ,  t h e  
CL can  be  desc r ibed  by 
D e f i n i t i o n  1: The open- loop   s t ab le   sys t e r .   H(s )  i s  
I t  i s  i m p o r t a n t  t o  n o t e  t h a t  we exc lude   cond i t ion -  
The fo l lowing   t heo rem i s  t h e  m a i n  r e s u l t  o f  t h i s  
Theorem 1: The system  H(5)  i s  i n t e g r a l   c o n t r o l -  
i.j (H(0) )  * 7 1 e i c  _ Z < * < L .  2 ,  j = 1 , n  (1) z - y -  . -  
The b a s i c   o n t r o l   s y s t e m   c o n f i g u r a t i o n  i s  shown f o r  small E. Let   ; j (H(O) )  = r . e l i j   t h e n   t h e   x p r e s s i o n  
i n   F i g .  1 c a n   b e   r e w r i t t e n   a s  3 
j = l , n  
, , The CL d o  n o t  c r o s s  t h e  n e g a t i v e  r e a l  a x i s  i f  
-- < 'i + t c -  :r--j ; :j c 5 which  means 
' j ( H ( 0 ) )  E - C', J - , . 
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C o r o l l a r y  1: H(s) i s  i n t e g r a l   c o n t r o l l a b l e   o n l y   i f  
It wou ld  be  use fu l  t o  know how t o  d e s i g n  t h e  com- 
d e t ( H ( 0 ) )  > 0. 
p e n s a t o r   C ( s )   s u c h   t h a t   t h e   s y s t e m  i s  i n t e g r a l  c o n t r o l -  
l a b l e .  A p o s s i b i l i t y  is  t o   c h o o s e   C ( s )   s u c h   t h a t  
C(0) = G ( O ) - ' ,  t h a t  i s ,  to   comple t e ly   "decoup le"   t he  
s y s t e m   a t   t h e   s t e a d y   s t a t e .   I n   p r a c t i c e  we o f t e n  l i k e  
t o   r e d u c e   t h e   c o m p l e x i t y   o f   C ( s )   a n d   t o   r e s t r i c t  i t s  
s t r u c t u r e ,   f o r   e x a m p l e   t o   t h e   f o l l o w i n g  form:  C(0) = PD,  
where D i s  a d i agona l  ma t r ix  o f  cons t an t s  and  P a per -  
muta t ion   mat r ix .   This   form  of  C(0) would  imply  that  a 
s e t  o f  s i n g l e - i n p u t - s i n g l e - o u t p u t  c o n t r o l l e r s  can b e  
u s e d .   U n f o r t u n a t e l y  i t  i s  n o t   c l e a r   i f  a compensator 
of t h i s  s t r u c t u r e  w h i c h  makes the  sys t em in t eg ra l  con-  
t r o l l a b l e  e x i s t s  f o r  a l l  p l a n t s  G ( s )  o r  w h a t  c o n d i t i o n s  
G ( 0 )  m u s t   s a t i s f y   f o r   s u c h  a C(0) t o  e x i s t .  A r e l a t e d  
b u t  somewhat  more r e s t r i c t i v e  r e s u l t  i s  d e r i v e d  i n  t h e  
n e x t  s e c t i o n .  
F a i l u r e  T o l e r a n c e  
O b v i o u s l y  f o r  a n y  a c t u a t o r  o r  s e n s o r  f a i l u r e  t h e  
sys tem shown i n  F i g .  1 w i l l  b e  u n s t a b l e  b e c a u s e  o f  t h e  
i n t e g r a l   c o n t r o l   a c t i o n .  However, t h e   f o l l o w i n g   d e f i n i -  
t i o n s  w i t h  r e g a r d  t o  F i g .  2 A and B a l l o w  a meaningfu l  
problem formula t ion  ( K  is  a d i a g o n a l  m a t r i x ,  K = d i a g  
( k l ,  * * k n ) ) .  
F ig .  2B 
D e f i n i t i o n  2 :  The sys tem shown i n   F i g .  2A is  
j - s e n s o r   f a i l u r e   t o l e r a n t  (j-SFT) i f  i t  i s  i n t e g r a l  
c o n t r o l l a b l e  a n d  i f  t h e r e  e x i s t s  a k* > 0 s u c h  t h a t  
t h e  c l o s e d  l o o p  s y s t e m  i s  s t a b l e  f o r  a l l  0 < k 5 k*; 
k i  = k ;  i = 1 , n ;  i # j ;  k j  = 0. 
D e f i n i t i o n  3: The sys tem shown i n   F i g .  2B i s  
j - a c t u a t o r  f a i l u r e  t o l e r a n t  (j-AFT) i f  i t  i s  i n t e g r a l  
c o n t r o l l a b l e  a n d  i f  t h e r e  e x i s t s  a k* > 0 s u c h  t h a t  t h e  
c losed  loop  sys t em is  s t a b l e  f o r  a l l  0 < k s k*; 
k .  = k ;  i = 1 , n ;  i # j ;  k j  = 0. 
I n  t h e s e  f a i l u r e  t o l e r a n c e  d e f i n i t i o n s  we assume 
t h a t  t h e  f a i l u r e  h a s  b e e n  r e c o g n i z e d  and t h a t  t h e  l o o p  
w i t h  t h e  f a u l t y  s e n s o r  o r  a c t u a t o r  h a s  been t a k e n  o u t  
of s e r v i c e ,  i . e .  t h e  s p e c i f i c  i n t e g r a t o r  h a s  b e e n  
removed  and k j   h a s   b e e n   s e t   t o   z e r o .  We r e q u i r e   t h a t  
w i t h o u t  r e a d j u s t m e n t  o f  t h e  o t h e r  p a r t  o f  t h e  c o n t r o l  
s y s t e m ,  s y s t e m  s t a b i l i t y  b e  p r e s e r v e d .  
j-SFT  (j-AFT) i f   a n d   o n l y   i f   X i ( H ( 0 ) )  E s+, i+= 1 , n  
and   x i (H(o ) j j )  E s+, = 1 n- l (Ai (H ' (0 ) )  E c , 
i = l , n  and Ai(H'(0)jJ E 2 -I , i = 1 ,n -1 ) .  
Theorem 2 :  The sys tem shown i n   F i g .  2A(B) is  
Proof :  Theorem 2 f o l l o w s   d i r e c t l y   f r o m  Theorem 1. 
Coro l l a ry   2 :  The sys tem shown i n   F i g .  2 A ( B ] . i s  
j-SFT  (j-AFT) o n l y  i f  d e t ( H ( 0 ) )  > 0 and  de t (H(0)JJ )  > 0 
( d e t ( H ' ( 0 ) )  z o and   de t   (H ' (o ) j j )  > 0. 
O b v i o u s l y ,  a n a l o g o u s  c o n d i t i o n s  c a n  b e  s t a t e d  f o r  
t h e  c a s e  o f  s e v e r a l  s i m u l t a n e o u s  s e n s o r  o r  a c t u a t o r  
f a i l u r e s .   A g a i n   t h e   c h o i c e   C ( 0 )  = G(0I-l would  pro- 
v i d e   t o l e r a n c e   t o   a r b i t r a r y   f a i l u r e s .  The ques t ion   o f  
a s i m p l i f i e d   s t r u c t u r e   f o r   C ( 0 )  is  of i n t e r e s t .   H e r e  
w e  can s t a t e  a n e c e s s a r y  c o n d i t i o n  t o  b e  s a t i s f i e d  by 
G(0) f o r  a d i agona l   compensa to r   C(0 )   t o   ex i s t .  
e l emen t s   o f  G ( O ) - '  by zij .  D e f i n e   t h e   m a t r i x   w i t h  
t h e  e l e m e n t s  
Let the   e l emen t s   o f  G ( 0 )  be  denoted by g i  and  the 
M is  c a l l e d   t h e   R e l a t i v e   G a i n   A r r a y  (RGA) [ 3 ]  and 
e n j o y s  w i d e s p r e a d  u s e  i n  p r o c e s s  c o n t r o l  a s  a n  i n t e r -  
a c t i o n   m e a s u r e   d e s p i t e  i t s  e m p i r i c a l   d e r i v a t i o n .  M can 
b e  e a s i l y  shown t o  b e  i n v a r i a n t  u n d e r  i n p u t  a n d  o u t p u t  
s c a l i n g  o f  G and t o  s a t i s f y  
n 
C m i j  = 1 
i=l 
j - 1 , n  
n 
Theorem 3: A diagonal   compensa tor  C e x i s t s   s u c h  
t h a t   H ( s )  is  1) i n t e g r a l   c o n t r o l l a b l e ;  2)  j-AFT and 
j-SFT; 3) 1,2,. ..j-1, j + l , .  ..n-AFT and 1 , 2 ,  . . . j- 1 , j + 1 ,  ... n-SFT; on ly  if mi: > 0. 
Proof:   Because m i  i s  i n v a r i a n t   u n d e r   i n p u t   a n d  
o u t p u t  s c a l i n g  we have  $o r  any  d i agona l  p re -  o r  pos t -  
compensator C (0) 
_1_1 -
,. .
. .  (5)  
= (-1) i+j  d e t  (H(0)") 
hij d e t ( H ( 0 ) )  
Fo r   p rope r ty  1) d e t ( H ( 0 ) )  > 0 ( c . f .   C o r .   1 ) ;   f o r   p r o -  
p e r t y  2 )  d e t ( H ( 0 ) J J )  > 0 ( c . f .   C o r .   2 ) ;   f o r   p r o p e r t y  
3) h > 0 (c . f .   Cor .  2 ) ;  t h e r e f o r e   f o r   p r o p e r t i e s  I), 
2)  a i i  3) i t  i s  n e c e s s a r y   t h a t  m j j  > 0. qED. 
The c o n d i t i o n  m > 0 i s  o b v l o u s l y   n o t   s u f f i c i e n t  
f o r  p r o p e r t i e s  1) - ij excep t  when n = 2.  
C o r o l l a r y  3: A diagonal   compensator  C e x i s t s   f o r  
t h e  2x2 sys t em  H(s )   such   t ha t  i t  i s  1) i n t e g r a l  con- 
t r o l l a b l e ;  2) 1-AFT and 1-SFT; 3 )  2-AFT and 2-SFT i f  
and   on ly   i f  mJ 1 > 0. Moreover, any 2x2 system  can al-  
muta t ion   o f   t he  i n p u t s .  
ways he brought  i n t o  a form s u c h  t h a t  "11 > 0 by a Der- 
s o f f i G y  can be proved as f o l l o w s  
P ruof :  The necess i ty   fo l lows   f rom  Theorem 3. The 
T h e r e  a l w a y s  e x i s t s  a d iagonal   compensa tor  C s u c h  t h a t  
h l l ( 0 )  > 0 ( p r o p e r t y  3) and  h22(0) > 0 ( p r o p e r t y  2 ) .  
The re fo re  m22 > 0 i m p l i e s   d e t ( H ( 0 ) )  > 0. The  eigen- 
v a l u e s  of H(0) are t h e   r o o t s   o f  
A' - (h l l   (O)+h22(0) )2  + d e t ( H ( 0 ) )  = 0 ( 7 )  
For   t h i s   s econd   o rde r   po lynomia l   de t (H(0 ) )  > 0 and 
h l l ( 0 )  + h22(0)  0 i m p l i e s   t h a t   a l l   t h e   e i g e n v a l u e s  
o f   H ( 0 )   a r e   i n   t h e  RHP ( p r o p e r t y   1 ) .   M o r e o v e r ,  when 
m l l  > 0 d e f i n e  
G' = G [: :] 
t h a t  i s ,  exchange   t he   sys t em  inpu t s .  Then 
m l l  (G') = m12(G) = 1 - m l l  ( G )  > 0 - QED (9) 
It is  v e r y  d e s i r a b l e  t o  h a v e  a s y s t e m  w h i c h  s a t i s f i e s  
p r o p e r t i e s  1 )  - 3)  b e c a u s e  t h e  t a s k  o f  d e s i g n i n g  t h e  
c o n t r o l l e r  i s  g r e a t l y   s i m p l i f i e d .  They i m p l y   t h a t  
l oop  j i s  r e l a t i v e l y  i n d e p e n d e n t  of t h e  r e m a i n i n g  p a r t  
of   the   system: The o v e r a l l   s y s t e m   c a n   o n l y   b e   s t a b l e  
i f  l o o p  j a n d  t h e  r e m a i n i n g  s y s t e m  a r e  s t a b l e  b y  
themselves .   Roughly  speaking,   loop j a n d   t h e   o t h e r  
l oops  can  be  des igned  sepa ra t e ly  wi thou t  pay ing  much 
a t t e n t i o n   t o   t h e   i n t e r a c t i o n s .  A n e g a t i v e   d i a g o n a l  
e lement   o f   the  RGA (mjj  < 0) i m p l i e s   t h a t   l o o p  j can 
o n l y  b e  d e s i g n e d  w i t h  p r o p e r  c o n s i d e r a t i o n  g i v e n  t o  
a l l  t h e  o t h e r  l o o p s ,  i .e.  t h a t  t h e  s y s t e m  h a s  severe 
i n t e r a c t i o n s .   T h e r e f o r e   i n   p r a c t i c e   l o o p   p a i r i n g s  
w h i c h   l e a d   t o   n e g a t i v e  m.j 's  are u s u a l l y   a v o i d e d ,  Un- 
f o r t u n a t e l y ,   e x c e p t   i n   t i e   c a s e   o f  2x2 s y s t e m ,   p o s i t i v e  
m j j ' s  do n o t  i m ? l y  t h a t  t h e r e  a r e  no i n t e r a c t i o n  
problems. 
Robustness 
The model  of a p l a n t  i s  n e v e r  p e r f e c t  and  there- 
f o r e  i t  i s  i m p o r t a n t  t h a t  t h e  c o n t r o l  s y s t e m  i s  n o t  
o n l y  s t a b l e  f o r  t h e  n o m i n a l  p l a n t  b u t  a l s o  f o r  a fami ly  
o f  p l a n t s  i n  some "ne ighborhood"   o f   the   nominal   p lan t .  
We would l i k e  t o  i n v e s t i g a t e  t h e  r o b u s t  s t a b i l i t y  of 
p l a n t s   w i t h   i n t e g r a l   c o n t r o l ,   T h i s   p r o p e r t y  i s  en joyed  
by a f a m i l y  o f  p l a n t s  y i f  t h e r e  e x i s t s  a s i n g l e  com- 
p e n s a t o r  C which  makes a l l  t h e  members o f  t he  f ami ly  
i n t e g r a l   c o n t r o l l a b l e .   L e t   t h e   t r a n s f e r   m a t r i x   o f   a n y  
member of   the   fami ly   be   denoted  by G(s )   and   t he   t r ans -  
f e r  m a t r i x  o f  t h e  n o m i n a l  p l a n t  by G , - ( s ) .  We may 
d e f i n e  f o r  e a c h  p l a n t  i n  t h e  f a m i l y  t h e  m a t r i x  f u n c t i o n  
T(s) = G(s )G_- ' ( s )  (10) 
The f u n c t i o n  T(s) c a n  b e  i n t e r p r e t e d  as a m u l t i p l i c a -  
t i v e   p e r t u r b a t i o n   o f   t h e   n o m i n a l   p l a n t .  Then we have 
t h e   f o l l o w i n g   r e s u l t :  
s a t i s f i e s   t h e   f o l l o w i n g   a s s u m p t i o n s :  
Theorem 4 :  S u p p o s e   t h a t   h e   f a m i l y   o f   p l a n t s  
a )  Each p l a n t  i n  9 i s  open- loop   s t ab le  
b )   T h e r e   e x i s t s  a f i x e d   s q u a r e   m a t r i x  N s u c h   t h a t  
f o r  e a c h  p l a n t  t h e  m a t r i x  L ( 0 ) N  h a s  a l l  i t s  
e i g e n v a l u e s  i n  a bounded  r eg ion  in  the  open  
r i g h t  h a l f  c o m p l e x  p l a n e  
Then t h e r e  e x i s t s  a s ing le  compensa to r  C and a s i n g l e  
k > 0 s u c h  t h a t  e a c h  p l a n t  i n  2 i s  s t a b l e  w i t h  t h e  
c o n t r o l  f i g u r a t i o n  shown i n  F i g .  1. 
Proof:  Theorem 4 i s  an  immediate  consequence  of 
Theorem 1 when C = G , ( O ) - ' N .  Note t h a t  when t h e  nomi- 
n a l  p l a n t  G : ( s )  i s  a l s o  a member o f  t h e  f a m i l y ,  a s  i s  
u s u a l l y  t h e  c a s e ,  t h e n  a l l  t he   e igenva lues   o f  9 a l s o  
h a v e   t o   b e   i n   t h e   o p e n   r i g h t   h a l f   p l a n e .   C o n d i t i o n s  
a )  a n d  b )  are on ly  s u f f i c i e n t  i f  we a l l o w  c o n d i t i o n a l l y  
s t a b l e  s y s t e m s ,  o t h e r w i s e  t h e y  a r e  n e c e s s a r y  and s u f f i -  
c i e n t .  
C o r o l l a r y  4 :  Assume t h a t   e a c h   p l a n t   i n  9 i s  
o p e n   l o o p   s t a b l e .   T h e n   t h e r e   E x i s t s  a s i n g l e  compen- 
s a t o r  C and a s i n g l e  k* > 0 s u c h  t h a t  e a c h  p l a n t  i n  
i s  s t a b l e  w i t h  t h e  c o n t r o l  c o n f i g u r a t i o n  shown i n  F i g .  
1 f o r  a l l  0 < k < k" o n l y  i f  d e t  ( G ( 0 ) )  h a s  t h e  same 
s i g n   f o r  a l l  p l a n t s   i n  9, 
T h i s  r e s u l t  i s  d i s t u r b i n g  b e c a u s e  q u i t e  f r e q u e n t -  
l y  s y s t e m s  a r e  i l l - c o n d i t i o n e d  a n d  small u n c e r t a i n t i e s  
i n  t h e  p a r a m e t e r s  c a n  c h a n g e  t h e  s i g n  o f  t h e  d e t e r -  
minant.   For  example l e t  
-
G l ( 0 )  = [ 1 :.05] , d e t G l ( 0 )  = -0.05 
(11) 
GL(0) = [ :.95 d e t G i ( 0 )  = +0.0025 
t h e n  i n d e p e n d e n t  o f  p o s s i b l e  d i f f e r e n c e s  i n  t h e  dynam- 
i c s  of t h e  two sys tems i t  w i l l  b e  i m p o s s i b l e  t o  d e s i g n  
any c o n t r o l  s c h e m e  i n v o l v i n g  i n t e g r a l  a c t i o n  w h i c h  w i l l  
b e  u n c o n d i t i o n a l l y  s t a b l e  f o r  b o t h  G: and Gz. 
compensator C s u c h  t h a t  a l l  t h e  e i g e n v a l u e s  o f  H(0 )  
a r e  i n  t h e  RHP, though   t he   e igenva lues  of t h e  d i f f e r e n t  
G ( 0 )  m i g h t  n o t  b e  r e s t r i c t e d  t o  a s i n g l e  h a l f  p l a n e ,  a s  
l o n g  as detG(0)   does  not   change i t s  s ign .   For   example ,  
l e t  t h e  f a m i l y  9 b e  d e f i n e d  by 
On t h e  o t h e r  h a n d ,  i t  i s  o f t e n  p o s s i b l e  t o  f i n d  a 
The e i g e n v a l u e s  a r e  I.:,> = 3 z i and  can l i e  i n  b o t h  
half  plane..  Choose a cons tan t   compensa tor  
c =  [ O '1 
-1 01 
( 1 3 )  
t o  y i e l d  
H = G ( O ) G  = r 1  ji 
1-3 1 J  
( 1 4 )  
wi th   t he   i genva lues  ,i = 1 I i z  which l i e  a l w a y s   i n  
t h e  RHP. 
4 because i t  i s  s o  s i m i l a r  t o  Theorem 1, were i t  n o t  
f o r  a s t r i k i n g  r e s e m b l a n c e  x i t h  a r e s u l t  o b t a i n e d  bv 
Kwakernaak.* 
I t  wou ld  a lmos t  no t  be  wor thwhi l e  t o  s t a t e  Theorem 
Theorem 5 [ 4 ] :  Suppose   t ha t   he   f ami ly  of p l a n t s  
( a )  Each p l a n t  i n  g i s  f i n i t e  d i m e n s i o n a l ,  i s  a 
s a t i s f i e s   t h e   f o l l o w i n :   a s s u m p t i o n s .  
nons ingu la r  pe r tu rba t ion  o f  t he  nomina l  p l an t  such  tha t  
Zm = l i m  X(s) e x i s t s ,  h a s  t h e  same  number  of t r a n s -  
m i s s i o n   z e r o s  as the   nominal   Dlant ,   and  i s  s t a b i l i z a b l e  
and d e t e c t a b l e .  
i n  a bounded  r eg ion  in  the  open  l e f t -ha l f  conp lex  
p l ane .  
i t s  e igenvalues   in   the   open   r igh t -ha l f   cornulex   p lan t  
s u c h  t h a t  f o r  e a c h  p l a n t  t h e  m a t r i x  :,N h a s  a l l  i t s  
e i g e n v a l u e s  i n  a b o u n d e d  r e g i o n  i n  t h e  o p e n  r i g h t - h a l f  
complex plane.  
Then t h e r e  e x i s t s  a s i n g l e  c o n t r o l l e r  t h a t  s t a b i -  
l i ze s  t h e  c o n t r o l  s y s t e m  f o r  e a c h  p l a n t  i n  t h e  f a m i l y  
S I  + = 
(b) The t r a n s m i s s i o n  z e r o s  o f  e a c h  p l a n t  a l l  l i e  
( c )  T h e r e  e x i s t s  a f i x e d  s q u a r e  m a t r i x  X w i t h  a l l  
9 
L e t  u s  a n a l y z e  t h e  s i m i l a r i t i e s  and d i f f e r e n c e s  
between  Theorem 4 and 5: Theorem 5 p u t s  no r e s t r i c -  
t i o n  on t h e  p o l e  l o c a t i o n  o f  t h e  d i f f e r e n t  p l a n t s  ( t h e  
p l a n t s   c a n   b e   u n s t a b l e )   b u t   r e q u i r e s   t h e   z e r o s   t o   b e  
i n  t h e  LHP. Theorem 4 p u t s  no r e s t r i c t i o n  on t h e   z e r o  
l o c a t i o n  o f  t h e  d i f f e r e n t  p l a n t s  ( t h e  p l a n t s  c a n  b e  
nonminimum p h a s e )  b u t  r e q u i r e s  t h e  p o l e s  t o  b e  i n  t h e  
LHP. 
b e h a v i o r  o f  t h e  c h a r a c t e r i s t i c  l o c i  f o r  2 + x;  t h e  CL 
of a l l  t h e  p l a n t s  i n  y t o g e t h e r  w i t h  t h e  c o m p e n s a t o r  
h a v e  t o  a p p r o a c h  t h e  o r i g i n  f r o m  t h e  same h a l f  p l a n e .  
Theorem 4 p u t s  a r e s t r i c t i o n  on t h e  a s y m p t o t i c  b e h a v i o r  
o f   t he  CL a s  L + 3 ;  i t  i s  r e q u i r e d  t h a t  t h e  CL of a l l  
t h e  p l a n t s  i n  9 t o g e t h e r  w i t h  t h e  c o m u e n s a t o r  do n o t  
c r o s s  t h e  n e g a t i v e  r e a l  a x i s  i n  t h e  limit, 
sys tem 
Theorem 5 p u t s  a r e s t r i c t i o n  on the  asymDtot ic  
Let t h e  p l a n t  b e  a s ing le - inpu t - s ing le -ou tpu t  
G(s) = kX(s ) / cp ( s )   (15 )  
where $p i s  t h e  p l a n t  c h a r a c t e r i s t i c  p o l y n o m i a l ,  x a 
monic  polynomial  and k a s c a l a r   c o n s t a n t ,  Then 
Theorem 5 r e q u i r e s  t h a t  f o r  e a c h  p l a n t  i n  9 t h e  con- 
s t a n t  k i .e.  t h e  g a i n  a t  v e r y  h i g h  f r e q u e n c i e s  h a s  t h e  
same s ign .   Fo r  single-input-single-outDut sys tems 
Theorem 4 r e q u i r e s  t h e  g a i n  a t  v e r y  low f r e q u e n c i e s  
( t h e  s t e a d y  s t a t e  g a i n )  o f  a l l  t h e  u l a n t s  i n  9 t o  
have   the  same s i g n .  
i n t e r e s t i n g  manner  and  can  be  regarded as d u a l  t o  e a c h  
o t h e r .  
B i fu rca t ion  Theory  
Thus  Theorem 4 and 5 complement  each  o ther  in  an  
A l l  r e a l  s y s t e m s  a r e  n o n l i n e a r  a n d  c o n t r o l l e r s  
a r e  u s u a l l y  d e s i g n e d  b a s e d  on l i n e a r i z e d  m o d e l s .  
B e c a u s e   o f   t h e   s y s t e m   n o n l i n e a r i t i e s ,   t h e   l i n e a r i z e d  
model  becomes i n v a l i d  when t h e  p l a n t  o p e r a t i n g  
* I am indeb ted  to  P ro f .  Kwakernaak  fo r  po in t ing  ou t  
t h i s   r e semblance .  
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condi t ions  change  and  robus tness  problems may arise.  
We would l i k e  t o  i n v e s t i g a t e  what  type of system non- 
l i n e a r i t i e s  c a n  c a u s e  r o b u s t n e s s  p r o b l e m s  when i n t e g r a l  
c o n t r o l  i s  employed. 
Fo r  ou r  d i scuss ion  we w i l l  make use  of  some b a s i c  
r e s u l t s   o f   b i f u r c a t i o n   t h e o r y .   F o r   d e t a i l s   t h e   r e a d e r  
i s  r e f e r r e d   t o   t h e  book by Iooss   and  Joseph [5]. Let  
the  non l inea r  sys t em & b e  d e s c r i b e d  by t h e  e q u a t i o n s  
i = f ( x , u )  
& (16) 
y = h ( x )  
where x E Rm, y E R", u E Rn a r e  t h e  s t a t e s ,  o u t p u t s  
a n d   i n p u t s   r e s p e c t i v e l y .   F o r  a p a r t i c u l a r  u t h e   s t e a d y  
s t a t e  v a l u e s  o f  t h e  v a r i a b l e s  - i f  t h e y  e x i s t  - a r e  
de f ined  by t h e  f o l l o w i n g  e q u a t i o n s  
0 = f (X,,U) 
& ( 1 7 )  
yS = h ( x s )  
R e s u l t  1 ( S t a t i c   B i f u r c a t i o n ) :   I f   a n   e i g e n v a l u e  
of   A(u)   vanishes  f o r  a p a r t i c u l a r  i n p u t  u ,  t h e  s y s t e m  
h a s   m u l t i p l e   s t e a d y   s t a t e s .   T h a t  i s ,  depending on 
t h e  i n i t i a l  c o n d i t i o n s ,  t h e  n o n l i n e a r  s y s t e m  c a n  s e t t l e  
t o  more   t han   one   s t eady   s t a t e   fo r   t he  same c o n s t a n t  
i n p u t  U. We w i l l  c a l l  t h i s  t y p e  of m u l t i p l i c i t y   o u t p u t  
m u l t i p l i c i t y  b e c a u s e  m u l t i p l e  o u t p u t s  c a n  r e s u l t  f r o m  
t h e  same inpu t .  
va lues   o f   A(u)  is  pure ly  imag ina ry  fo r  a p a r t i c u l a r  
i n p u t  u ,  t h e  s y s t e m  e x h i b i t s  limit c y c l e  b e h a v i o r .  
That i s ,  f o r  a p a r t i c u l a r  i n p u t  u the  sys tem -does  not  
s e t t l e  t o  a s t e a d y  s t a t e  b u t  c y c l e s  c o n t i n u o u s l y .  
R e s u l t  3 ( Impl ic i t   Funct ion   Theorem):  The sys tem 
of n o n l i n e a r   l g e b r a i c   e q u a t i o n s  w i l l  have   mul t i -  
p l e  s o l u t i o n s  f o r  some s p e c i f i e d  v a l u e s  o f  ys i f  
Resu l t  2 (Hopf B i f u r c a t i o n ) :   I f  a p a i r  of  eigen- 
and t h e r e f o r e  i f  
(Here we have made t h e  a s s u m p t i o n  t h a t  d e t x  # 0 and we 
have   app l i ed   Schur ' s   de t e rminan t   fo rmula  [6]). G ( 0 )  is  
t h e  s t e a d y  s t a t e  g a i n  m a t r i x  of  t h e  l i n e a r i z e d  s y s t e m .  
The e x i s t e n c e   o f   m u l t i p l e   s o l u t i o n s   o f  as i m p l i e s  
t h a t  t h e r e  a r e  s e v e r a l  d i f f e r e n t  s t e a d y  s t a t e  i n p u t s  u 
wh ich  b r ing  the  ou tpu t  y of t h e  s y s t e m  & t o  t h e  same 
s t e a d y   s t a t e  y We c a l l   t h i s   t y p e  of m u l t i p l i c i t y  
i n p u t  m u l t i p l i c l t y  [ 7 ] .  
c o n t r o l l e r  t o  o b t a i n  t h e  combined  system 
s :  
Let  us  now e q u i p  t h e  s y s t e m  & w i t h  a n  i n t e g r a l  
u = kz 
and a f t e r  l i n e a r i z a t i o v  
R e s u l t  1 i m p l i e s  t h a t  t h e  s y s t e m  A' w i l l  e x h i b i t  
m u l t i p l i c i t i e s  i f  
d e t  [-e = d e t z  - de t (k?x- lS )  = 0 ( 2 1 )  
a n d   t h e r e f o r e   i f   d e t ( ? i - ' E )  = 0 f o r  some s e t p o i n t  y d .  
(Here we have made a g a i n  t h e  a s s u m p t i o n  t h a t  d e t A  # 0 
and we have   app l i ed   Schur ' s   de t e rminan t   fo rmula  [6]). 
- Even though the  open  loop  sys tem might  no t  have  any  
s t a t i c  b i f u r c a t i o n  p o i n t ,  t h e  c l o s e d  l o o p  s y s t e m  w i t h  
i n t e g r a l   c o n t r o l   c a n   e x h i b i t   s t a t i c   b i f u r c a t i o n .   T h i s  
i s  t h e   c a s e   i f   t h e   o p e n   l o o p   s y s t e m   h a s   i n p u t   m u l t i -  
p l i c i t i e s .  
- I f  t h e  o p e n  l o o p  s y s t e m  h a s  i n p u t  m u l t i p l i c i t i e s  t h e  
d e t e r m i n a n t  o f  t h e  s t e a d y  s t a t e  g a i n  m a t r i x  of t h e  
l i n e a r i z e d   s y s t e m   v a n i s h e s   ( d e t  E ( 0 )  = 0 ) .  Or, i n  
o the r   words ,  as u c h a n g e s ,   t h e   e i g e n v a l u e s   o f   t h e  
s t e a d y  s t a t e  g a i n  m a t r i x  o f  t h e  l i n e a r i z e d  s y s t e m  move 
t h r o u g h  t h e  o r i g i n  f r o m  o n e  h a l f  p l a n e  t o  t h e  o t h e r .  
If t h e  number of  e igenvalues  moving  through the  or ig in  
s imul faneous ly  i s  odd,   detG(0)  w i l l  s w i t c h   s i g n s .  
From Cor,  4 we know t h a t  u n d e r  t h e s e  c i r c u m s t a n c e s  
t h e r e  e x i s t s  no s i n g l e  l i n e a r  c o m p e n s a t o r  C s u c h  t h a t  
a l l  t h e  l i n e a r i z e d  p l a n t s  i n  t h e  f a m i l y  a r e  s t a b l e  
w i t h  i n t e g r a l  c o n t r o l  o r  e q u i v a l e n t l y ,  s u c h  t h a t  t h e  
n o n l i n e a r  p l a n t  i s  s t a b l e  e v e r y w h e r e  i n  i t s  o p e r a t i n g  
regime.  Thus,  when i n t e g r a l   c o n t r o l  i s  u s e d ,   i n p u t  
m u l t i p l i c i t i e s  o f  n o n l i n e a r  s y s t e m s  u s u a l l y  c a u s e  
robus tness  problems which  cannot  be  removed wi th  l inear  
compensators.  
I f  t h e  eigenval11.es   of   the   l inear ized  system  with 
i n t e g r a l  c o n t r o l  (9 ' )  a r e  p u r e l y  i m a g i n a r y  Hopf b i -  
f u r c a t i o n  o c c u r s  a n d  t h e  n o n l i n e a r  s y s t e m  w i l l  e x h i b i t  
limit c y c l e   b e h a v i o r   ( R e s u l t  2 ) .  From t h e   p r e c e d i n g  
d i s c u s s i o n  on s t a t i c  b i f u r c a t i o n  o n e  wou ld  suspec t  t ha t  
t h e r e  i s  some connec t ion  be tween  the  occur rence  o f  
pure ly  imaginary  e igenvalues  of  A' and purely imaginary 
e igenva lues  of G ( 0 ) .  However,  one  can show through 
c o u n t e r e x a m p l e s  t h a t  t h e r e  i s  no cor respondence  
between  the  two.  That i s ,  limit cyc le s   o f& '   canno t  
b e  p r e d i c t e d  f r o m  s t e a d y  s t a t e  i n f o r m a t i o n  ( i . e .  drs) 
a lone .  No r e s u l t s  o n   t h e   e x i s t e n c e   o f   l i n e a r  com- 
p e n s a t o r s  t o  a v o i d  l i m i t  c y c l e  b e h a v i o r  when i n t e g r a l  
c o n t r o l l e r s  a r e  a p p l i e d  t o  n o n l i n e a r  s y s t e m s ,  a r e  
a v a i l a b l e  t o  d a t e .  
We h a v e  a r r i v e d  a t  t h e  f o l l o w i n g  c o n c l u s i o n s :  
D i scuss ion  
It c o u l d  b e  a r g u e d  t h a t  t h e  d e f i n i t i o n  o f  i n t e g r a l  
c o n t r o l l a b i l i t y  (Def. 1) is t o o  r e s t r i c t i v e  a n d  t h a t  
t h e r e f o r e  a l l  t h e  o t h e r  r e s u l t s  o f  t h e  p a p e r  a r e  t o o  
c o n s e r v a t i v e   t o   b e   p r a c t i c a l l y   u s e f u l .  I n  p a r t i c u l a r  
t h e  maximum a l l o w e d  g a i n  k *  f o r  i n t e g r a l  c o n t r o l l a b i -  
l i t y  m i g h t  b e  v e r y  s m a l l  a n d  a l s o  t h e r e  m i g h t  b e  a 
c o n d i t i o n a l l y  s t a b l e  r e g i o n  w h i c h  i s  l a r g e  e n o u g h  t o  
exc lude  robus tness  p rob lems .  
t r o l l e r  g a i n s  k the  c losed  loop  sys t em w i l l  d i s p l a y  
z e r o  s t e a d y  s t a t e  t r a c k i n g  e r r o r  t h o u g h  t h e  d y n a m i c  
r e sponse   migh t   be   s lugg i sh .   Fu r the rmore  we w i l l  show 
n e x t  t h a t  f o r  a l a r g e  c l a s s  o f  s y s t e m s  t h e  l a c k  o f  
i n t e g r a l  c o n t r o l l a b i l i t y  i m p l i e s  a l s o  t h a t  t h e s e  
s y s t e m s  c a n n o t  b e  c o n d i t i o n a l l y  s t a b l e .  
F i r s t  of a l l ,  e v e n  f o r  i n f i n i t e s i m a l l y  small con- 
Theorem 6:  T h e r e   e x i s t s  a k > 0 s u c h   t h a t   t h e  
*c losed   l oop   sys t em shown i n  F i g .  1 i s  s t a b l e  o n l y  i f  
de tH(0)  > 0. 
Proof :   Le t  H ( s )  = N(s) d ( s ) - l   w h e r e   d ( s )  i s  t h e  
c h a r a c t e r i s t i c  p o l y n o m i a l  of H(s)  and N(s) i s  a poly- 
n o m i a l   m a t r i x .   d ( s )  i s  monic  and  because  of   the 
s t a b i l i t y  a s s u m p t i o n  a l l  i t s  c o e f f i c i e n t s  are  p o s i t i v e .  
The c losed   l oop   sys t em shown i n  F i g .  1 i s  s t a b l e  o n l v  
i f  a l l  t h e  c o e f f i c i e n t s  o f  t h e  c l o s e d  l o o p  c h a r a c t e r -  
i s t i c   p o l y n o m i a l   d e t ( s d ( s )   I + k Y ( s ) )  are p o s i t i v e .  
The c o n s t a n t  c o e f f i c i e n t  i s  d e t ( k N ( 0 ) )   a n d   t h e r e f o r e  
f o r  c l o s e d  l o o p  s t a b i l i t y  i t  i s  r e q u i r e d  t h a t  
de tN(0)  > 0 and  detH(0) > 0. 
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A comparison  of Thm. 6 w i t h  Thm. 1 and  Cor. 1 shows 
t h a t  c o n d i t i o n a l  s t a b i l i t y  w i t h o u t  i n t e g r a l  c o n t r o l l a b i -  
l i t y  i s  only poss ib le   i f   an   even   number  of e igenva lues  
of  H(0) i s  ;n the   open  LHP. I f   t h e  number  of  eigen- 
va lues   o f  H1:O) i n  t h e  LHP i s  odd the   c losed   l oop   sys t em 
i s  u n s t a b l e   f o r  a l l  p o s i t i v e   g a i n s  X. I n  p a r t i c u l a r  
i f  t h e  s t e a d y  s t a t e  g a i n  H ( 0 )  of a s i n g l e - i n p u t -  
s ing le -ou tpu t   sys t em i s  nega t i - i e  i t  i s  u n s t a b l e  f o r  
a l l  p o s i t i v e  g a i n s .  
o b t a i n e d  p r e v i o u s l y  [ 8 ]  w h i c h  s t a t e s  a s  a r equ i r emen t  
f o r   z e r o   t r a c k i n g   e r r o r   f o r   s t e p   i n p u t s   d e t H ( O )  #O. 
We have shown h e r e  t h a t  u n l e s s  d e t H ( 0 )  > 0 t h e  c l o s e d  
loop   sys tem i s  u n s t a b l e .  
T ~ T .  6 a l s o  s t r e n g t h e n s  c o n s i d e r a b l y  a r e s u l t  
Conclus ion  
A v a r i e t y  of r e s u l t s  r e l a t i n g  t o  t h e  s t a b i l i t y  and 
r o b u s t n e s s  o f  l i n e a r  a n d  n o n l i n e a r  s y s t e m s  w i t h  i n t e -  
g r a l   c o n t r o l l e r s   h a s   b e e n   d e r i T r e d .  It i s  m o s t   s i g n i f i -  
c a n t  t h a t  t h e  c o n d i t i o n s  w h i c h  h a v e  t o  b e  s a t i s f i e d  
f o r  t h e  c o n t r o l l e r  d e s i g n  t o  b e  f e a s i b l e  c a n  a l l  be  
o b t a i n e d  f r o m  s t e a d y  s t a t e  i n f o r m a t i o n  a b o u t  t h e  p l a n t .  
S e v e r a l   i s s c e s   r e m a i n   u n r e s o l v e d .  Of p a r t i c u l a r  
impor tance  i s  t h e  q u e s t i o n  how many r e s t r i c t i o n s  c a n  
be   p laced  on the   s t ruc ture   o f   the   compensa tor   which  
makes a s y s t e m   i n t e g r a l   c o n t r o i l a b l e   a n d   r o b u s t .  Any 
r e s t r i c t i o n s  i m p l y  a s i m p l i f i e d  c o n t r o l  s t r u c t u r e  a n d  
a r e  t h e r e f o r e  p r a c t i c a l l y  s i g n i f i c a n t .  
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